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Dirac points in two-dimensional electronic structures are a source for topological electronic states
due to the ±pi Berry phase that they sustain. Here we show that two rutile multilayers (namely
(WO2)2/(ZrO2)n and (PtO2)2/(ZrO2)n, where an active bilayer is sandwiched by a thick enough
(n=6 is sufficient) band insulating substrate, show semi-metallic Dirac dispersions with a total of
four Dirac cones along the Γ −M direction. These become gapped upon the introduction of spin-
orbit coupling, giving rise to an insulating ground state comprising four edge states. We discuss
the origin of the lack of topological protection in terms of the valley spin-Chern numbers and the
multiplicity of Dirac points. We show with a model Hamiltonian that mirror-symmetry breaking
would be capable of creating a quantum phase transition to a strong topological insulator, with a
single Kramers pair per edge.
I. INTRODUCTION
Topological states of matter1,2 have been the source of
tremendous excitement and have fostered a rich variety of
new (and old) ideas in condensed matter physics. Quan-
tum Hall effect, quantum spin Hall states,3 topological
crystals and topological crystalline insulators are some
examples in which the topology of the single-electron
Hamiltonian translates into robust electronic transport
and surface states, resilient to the typical perturbations
that real samples will have, such as defects and im-
purities. The different types of quantum Hall effects
have provided us with a way to easily measure the
quality of samples and even the charge of the electron,
whereas quantum spin Hall states realize chiral wires,3
where momentum and spin are coupled together. Fur-
thermore, their superconducting analogues, topological
superconductors4 are known to give rise to Majorana
bound states.5 Such many-body states can show non-
abelian braiding properties, making them suitable to be-
come building blocks for topological quantum comput-
ing. Moreover, the nature of some of these topological
states in superconductors still needs to be understood.6
A common way to design topological superconductors is
precisely based on a quantum spin Hall state proximized
to a conventional superconductor,4 turning quantum spin
Hall states into a key ingredient not only in spintronics,7
but also in topological quantum computing.
Two main mechanisms need to be understood in or-
der to design quantum spin Hall states. The first one
corresponds to band inversion, which relies on spin-orbit
coupling (SOC) altering the order of the s−p orbital char-
acters in a band structure, whose best known realization
are HgTe/CdTe quantum wells.8 The modification can
occur at the Γ point, so that SOC basically changes the
parity of the highest occupied band. The second mecha-
nism is the opening of a protected Dirac point by SOC.3
Dirac points host protected ±pi Berry phases that be-
come ±1/2 Chern numbers upon a gap opening, so that
in the presence of time-reversal symmetry a total spin-
Chern number gives rise to the quantum spin Hall state,
whereas with broken time reversal symmetry a quantum
anomalous Hall state is realized.
The theoretical quest for new topological insulators has
involved semiconductors9,10, transition metal oxides,11
metal organic frameworks12,13 or optical lattices.14
Among them, oxides offer a rich set of possibilities due
to the variety of materials that can be synthesized in a
chemically stable form, together with the ease of fabrica-
tion in low-dimensional forms such as thin films or multi-
layers. Predictions of both, quantum spin Hall and quan-
tum anomalous Hall effect have appeared in various ox-
ides based on perovskites,15–17 pyrochlores,11,18 rutiles,19
corundum20 or doped Kagome structure.21 Many of the
proposals rely on an underlying hexagonal lattice, where
Dirac points are prone to appear at the K,K ′ corners
of the Brillouin zone. Rutiles, however, develop (semi)
Dirac points, but due to their tetragonal unit cell, the
Dirac points show up at a certain k-point in the Γ − X
direction.22 Opening a gap at these points with a time-
reversal symmetry breaking has been shown to give rise
to a quantum anomalous Hall state19 with a very small
gap of about 1 meV. Whether a quantum spin Hall state
in a rutile-based structure can be engineered or not in
such a way is still an open issue.
In this manuscript we address whether a rutile ma-
terial with time-reversal symmetry is able to develop a
quantum spin Hall state by opening a gap at the Dirac
points of its band structure by the SOC effect. For
that sake, we have designed two different rutile multi-
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2layers that show Dirac points in their band structure,
i.e. (WO2)2/(ZrO2)4 and (PtO2)2/(ZrO2)4. Both het-
erostructures become gapped upon introduction of SOC.
We show by means of their topological invariants and the
calculation of their edge states, that both systems realize
a 2D crystalline topological insulating state, character-
ized by four in-gap surface states. We discuss the origin
of this insulating state in terms of the spin valley Chern
numbers, whose multiplicity is determined by the sym-
metry of the unit cell. We propose a model Hamiltonian
to describe the system and we show that breaking an in-
plane mirror symmetry can drive a transition towards a
strong topological insulator by compensating two of the
Dirac points and leaving just two of them with uncom-
pensated spin valley Chern numbers.
II. GAPPED DIRAC POINTS IN
NON-MAGNETIC RUTILES
The multilayers proposed (see Fig. 1a) are based on
the rutile structure and grow along the (001) direction
with the a, b lattice parameters fixed to those of the band
insulating substrate and the c-axis and internal atomic
positions fully relaxed. We use as insulating substrate
rutile ZrO2 whose bulk lattice parameters were calcu-
lated ab initio (see Methods section) yielding a= 4.93
A˚, which was the used value. The only requisite that
the substrate should have is to provide a substantial gap
where the d electrons of the active bilayer are allowed to
form the Fermi surface without mixing with the states
of the substrate. We have tried other substrates, e.g.
TiO2 would be a good candidate in terms of the size of
its band gap. However, the band bending it introduces
will be so large that it would destroy the Dirac points.
TiO2 with a slightly enlarged a parameter would be fine
for our purposes, or even a very thin layer of ZrO2 on top
of TiO2 would also do. WO2 on top of ZrO2 would be
almost unstrained (a= 4.86 A˚), but PtO2 would undergo
substantial strain since our calculations yields a= 4.59
A˚. We have also tried other insulating substrates, such
as SnO2 and PbO2, whose lattice matching will be better
than ZrO2, but their very narrow gap destroys the Dirac
points by mixing substantially with the active d electrons
of the bilayer.
A. Bulk electronic structure
In the absence of SOC, a single crossing takes place
along the Γ −M direction in both systems. Inspection
of the band dispersion around those points reveals that
the low-energy states form a Dirac cone. When SOC is
introduced, a gap opens up at the crossing points (Fig.
1c,d), giving rise to a bulk insulating state.
The topological properties of the band structure can
be characterized by calculating the topological invariant
ν associated with a system with time-reversal symmetry,
FIG. 1. (a) Sketch of the multilayer structure, based on the
rutile unit cell, consisting of a bilayer of WO2 or PtO2 sand-
wiched between insulating ZrO2. In the absence of spin-orbit
coupling, the low-energy electronic properties are dominated
by four Dirac equations located along the Γ − M path, as
shown in the sketch (b). When SOC is introduced, the band
structure develops a gap for both the W-based (c) and Pt-
based (d) multilayers. The solid lines in (c,d) correspond
to the DFT band structure, whereas the dashed lines corre-
spond to the Wannier interpolation. In (d), the anti-crossing
between Γ and X is already present without SOC.
by means of the Z2 invariant. In the case of crystals with
inversion symmetry, it is known that the topological in-
variant can be obtained simply by calculating the parities
of the wavefunctions at the time reversal invariant mo-
menta (TRIM).23 Nevertheless, the rutile structure pre-
sented here does not posses global inversion symmetry,
but only in-plane, so that we cannot apply such proce-
dure to the whole band structure. To calculate topolog-
ical invariants for systems without inversion symmetry
several methods have been proposed: (i) direct numerical
calculation of the Pfaffian,24 (ii) looking for an obstruc-
tion for a time-reversal smooth gauge25 and (iii) Wannier
charge center evolution.26,27 We have chosen this latter
method, since it is numerically highly stable and spe-
cially well suited for electronic structure calculations. It
is based on following the flow of the Wannier charge cen-
ters as one moves across half of the Brillouin zone. With
this scheme, an odd number of crossings of the Wannier
charge centers label a non-trivial system, whereas an even
number implies a trivial one.
From our calculations, we obtain that the charge cen-
ters cross an even number of times, implying that there
is an even number of Kramers pairs per edge. Never-
theless, we observe that the charge centers can be sep-
arated in two families, each one showing an odd num-
3ber of crossings, giving rise to a topological crystalline
insulator.27,28 Every family of Wannier centers, whose
existence is related to the mirror symmetry of the unit
cell, will produce a pair of Kramers edge states, adding up
to a total of four edge states. The gapless nature of these
edge states is not totally protected against perturbations
even when they respect time-reversal symmetry, because
perturbations mixing the two families, such as chemical
edge reconstruction, will be able to open up an edge gap
This topological crystalline insulating phase is analogous
to two coupled non-trivial quantum spin Hall states, as
in bilayer graphene with spin-orbit coupling.29,30 Impor-
tantly, topological insulating states, even if they are not
protected against symmetry mixing perturbations, have
been shown to be robust31–36 against edge perturbations.
B. Edge states
Having a bulk gapped spectrum and a crystalline topo-
logical invariant, the rutile structures are expected to
show edge states when studied in a finite geometry. Us-
ing the Wannier Hamiltonian derived from the electronic
structure calculations, we calculate the surface spectral
function by solving Dyson’s equation
G(kx, E) = (E −H0 − t†(kx)G(kx, E)t(kx))−1 (1)
where H0 is the matrix with the intra-cell matrix
elements, kx the vector parallel to the interface and
t(kx) the hopping of the Bloch Hamiltonian in the di-
rection perpendicular to the interface. From the Green’s
function, the surface spectral function is calculated as
Γ(kx, E) =
1
pi Im(G(kx, E)), and shown in Fig. 2 for the
W- and Pt- based rutile multilayers.
The surface spectral function shows that both systems
develop surface states, a total of four of them. The ex-
istence of four edge states is coherent with the inter-
pretation that the electronic structure is equivalent to
two coupled quantum spin Hall insulators. In a topo-
logical quantum spin Hall insulator, the number of sur-
face states is 2 (or 6,8..), so that the surface hosts a
single Kramers pair, whose crossing cannot be avoided
due to time-reversal symmetry. In our present case, due
to the existence of two Kramers pairs, perturbations can
gap out the surface states without breaking time-reversal
symmetry. Kramers degeneracy holds at the TRIM (Γ
and X), where the two branches of edge states are de-
generate in both valence and conduction band.
III. TOPOLOGICAL INVARIANT IN RUTILES
While the opening of Dirac points is a well known route
to engineer quantum spin Hall insulators, we have shown
that in the present rutile multilayers quantum spin Hall
states are realized that are not fully protected. In terms
FIG. 2. Edge (01) k-resolved density of states for the W-
based (a) and Pt-based multilayer (b). A set of edge states
appear within the gap, but due to the lack of a strong topo-
logical index, their existence is not protected, developing a
small gap.
of Wannier charge centers, the origin can be traced back
to the additional symmetries of the system, namely mir-
ror symmetry, that impose that there are two families
of Wannier centers, each one yielding a pair of Kramers
edge states. In terms of effective low energy Dirac points,
the C4 symmetry imposes that the system has four spin-
less low energy Dirac points, yielding twice the number
of conventional honeycomb lattices, and twice as many
edge states. Therefore, the combination of time rever-
sal, C4 and mirror symmetry, and low energy effective
Dirac Hamiltonian, imposes that the system will show
four edge states. In the following we will try to give an
intuitive understanding of why this happens, as well as
suggest a situation where a strong topological state can
be obtained by modifying the symmetry of our material.
A. Origin of the topological insulating state
Starting with the situation without spin-orbit cou-
pling, the band structure is characterized by the four
Dirac crossings introduced at the beginning. Indepen-
dently of whether those crosses are Dirac, anisotropic
4Dirac or semi-Dirac, the important feature for the present
discussion is that they carry a ±pi Berry phase. We have
verified numerically that for the non-SOC calculations,
the Wannier Hamiltonians obtained generate Dirac-like
crosses with ±pi Berry phase. The Dirac points are lo-
cated along the Γ −M path (shown in Fig. 1b), where
the position depends on the details of the electronic struc-
ture, giving rise to a total of four non-equivalent Dirac
points in the full Brillouin zone.
In the presence of SOC, a spin-dependent mass term
appears in the Hamiltonian. Due to the absence of in-
version symmetry, the eigenvalues are not degenerate ex-
cept at the TRIM points, where Kramers degeneracy is
retained. This is reflected in the different masses for
different Kramers states. It has been shown that the
Z2 invariant can be related to the so-called spin Chern
number, or simply to the Chern number C of one of the
Kramers sectors. This can be easily understood in topo-
logical states where sz is conserved, and the Z2 invariant
is
ν = C↑( mod 2) (2)
which in the case of monolayer graphene gives CS = 2,
C↑ = 1 and ν = 1, while for bilayer graphene it results
in CS = 4, C↑ = 2 and ν = 0. In the case of rutile
multilayers, due to the existence of four gapped Dirac
equations for each Kramers manifold, the Chern number
for a certain Kramers manifold will be a sum over the
Chern numbers of four Dirac equations Ci, which due to
the ±pi Berry phase will be Ci = ±1/2. By labeling the
Kramers manifold as ↑ in analogy to the spin conserving
case, we have
C↑ =
4∑
i=1
si
1
2
(3)
where si = ±1 depending on the sign of the SOC-
induced Dirac masses. Due to the in-plane inversion sym-
metry, the Chern number of the different Dirac equations
around +~k and −~k will be the same. We will have that
C1 = C3 = s1
1
2 and C2 = C4 = s2
1
2 . Therefore, the
Chern number for one of the Kramers sectors will be
C↑ = s1 + s2 = 0,±2 (4)
With the previous Kramers Chern number, the topo-
logical invariant will result into ν = 0, so that the system
will not be a strong topological insulator in any case. For
the case of C↑ = +2, time reversal symmetry (C = 0)
imposes that the Chern number of the other sector is
C↓ = −2, giving a total CS = 4, predicting four edge
states. This last situation is precisely the one we ob-
tained when calculating the edge spectra of the Pt- and
W- multilayers.
We would like to emphasize that in the case of hav-
ing a similar system but with magnetic order, so that a
single spin flavor is present at the Fermi level, the pre-
vious argument will predict that the total Chern num-
ber is 2. This has been explicitly calculated in a V-
based magnetic rutile multilayer19 that shows four semi-
Dirac points along Γ −M , obtaining that the system is
an anomalous Hall insulator showing two co-propagating
edge states.19 It is interesting to note that, contrary to
other oxide systems,37 in this system magnetism brings
about the topological protection for the edge states, as
time-reversal symmetry breaking leads to protected topo-
logical states.
The crystalline topological state in the time rever-
sal Pt- and W- multilayers is therefore a consequence
of the existence of a total of four Dirac points in the
non-relativistic band structure. This compares with the
case of honeycomb lattices, where usually only two Dirac
equations are present, and the Chern number spin fla-
vor is C↑,↓ = ±1. In these rutile-based nanostructures,
C4 symmetry imposes that a total of 4 Dirac equations
appear between Γ and M . If such symmetry is broken,
it could be possible to have an electronic structure with
only two Dirac equations that could give rise to a strong
topological insulating phase. A way to realize that will
be to expand the cell along the (11) direction. With such
distortion, two of the Dirac points will displace differently
than the other in k-space. In particular, they can open
up a trivial gap, whereas the other two remain gapless (or
with a much smaller gap). In that situation, switching
on SOC might be able to create band inversion in two of
the Dirac points, but not in the other two, giving rise to
C↑ = 1 and robust quantum spin Hall state ν = 1.
B. Model Hamiltonian for spinless fermions
In the following we will illustrate the different topologi-
cal states of the rutile lattice by means of a model Hamil-
tonian. We stress that the following model Hamiltonians
do not intend to precisely capture the electronic struc-
ture of the two multilayers presented above, their goal is
just to provide an intuitive understanding of the topol-
ogy of the low-energy electronic structure. We choose
a variation from a model previously shown to develop
anisotropic Dirac points38 in a similar system.
H↑(~k) =
(
1(~k) T (~k)
T ∗(~k) 2(~k)
)
(5)
with
1(kx, ky) = −+ 2t(cos kx + cos ky)
2(kx, ky) = − 2t(cos kx + cos ky)
T (~k) = V (~k) +W (~k) + Z(~k)
V (kx, ky) = 2t
′(cos kx − cos ky)
W (kx, ky) = 2iα sin(kx − ky)
Z(kx, ky) = 2iλ sin kx sin ky
5FIG. 3. Band structure (a) along the (1,1) direction for the
model in Eq. 5, in the quantum anomalous (C = 2) regime
(α = 0,λ 6= 0), Berry curvature along the path (b) and in the
whole Brillouin zone (c). Dashed lines in (a) show the bands
for (α = λ = 0), the gapless regime. Band structure (d), and
Berry curvatures (e,f) in the QAH regime with α 6= 0, λ 6= 0,
with total Chern number C = 1. Parameters are  = −2,
t = 1, t′ = 2,λ = 0.5 and α = 2
The terms 1, 2, V correspond to a simplified version
of anisotropic Dirac points.38 The term W breaks the
equivalence between the (1, 1) and (1,−1) directions but
conserves time reversal. The term Z breaks time-reversal
symmetry, but maintains the equivalence between the
(1,1) and (1,-1) directions. In the case of Z = W = 0,
the previous Hamiltonian describes a band structure that
shows four anisotropic Dirac points, located along the
Γ −M directions. The Dirac nodes are equally spaced
from Γ and occur at points ~k0 = (κ1, κ2)k0, with κ1,2 =
±1
We first focus on the case where W = 0 (α = 0), but
with a non-zero Z (λ 6= 0) so that time-reversal symmetry
is broken. In this situation, the band structure develops a
gap (Fig. 3a), and the split Dirac points generate a non-
zero Berry curvature (Fig. 3b). When integrated over the
whole Brillouin zone, a Chern number C = 2 is obtained.
This situation is analogous to the one observed19 in half-
metallic V-based multilayers with SOC, a system that is
also a QAH with C = 2, but with the difference that the
low-energy electronic structure is of type II semi-Dirac19
instead of the anisotropic Dirac dispersion shown in Eq.
5.
If we first switch on the mirror-symmetry-breaking
term W , the spectrum consists of two gapped Dirac equa-
tions in the (1,-1) direction with opposite Chern numbers,
and two gapless Dirac equations in the (1,1) direction. If
now time-reversal symmetry is broken by switching on
Z (λ 6= 0), and provided λ is not large enough to invert
the gaps in (1,-1), the Dirac equation in the (1,1) will
open up a gap with the same Chern number. The band
structure for this situation is shown in Fig. 3d, where
it is observed that the calculated Berry curvatures (Fig.
3e) and Chern number (Fig. 3f) are in agreement with
the previous argument. Therefore, the model proposed in
Eq. 5 shows a phase with Chern number C = 1, provided
mirror symmetry is broken.
The previous phenomenology can be understood by
expanding the Hamiltonian around the Dirac points.
Hκ = −σzp1 + κ1κ2σxp2 − σymκ (6)
where mκ is a mass term induced by W and Z, p1 =
κ1px + κ2py, p2 = −κ2px + κ1py, with px,y the crystal
momenta around the different valleys. The Chern num-
ber for the previous valley Hamiltonian can be written
as
Cκ =
1
2
sign(κ1κ2mκ) (7)
In the case of λ 6= 0 and α = 0, we have mκ = κ1κ2m
so Cκ = 1/2, and when summing over the four valleys
it gives C = 2. In the case of α 6= 0, two of the valley
Chern numbers can yield opposite signs, so that the net
Chern number will be C = 1.
C. Model Hamiltonian for quantum spin Hall
So far we have been studying a model for spinless
fermions, showing that it leads to two different quan-
tum anomalous Hall states. With the previous model a
spinful time-reversal version can be built as
H(~k) =
(
H↑(~k) 0
0 H↓(~k)
)
=
(
H↑(~k) 0
0 H∗↑ (−~k)
)
(8)
With the previous ansatz the net Chern number is zero
as imposed by time reversal, and the parameter λ can be
now understood as arising from SOC. For α = 0, follow-
ing the discussion in Sec. III A, the spin Chern number
yields CS = 4, giving rise to a crystalline topological
insulator (Fig. 4a), compatible with the DFT results
presented in Fig. 1. Switching on the mirror symmetry
term α, the spin Chern number yields CS = 2, giving rise
to a strong topological insulator (Fig. 4b). Therefore, a
6FIG. 4. Sketch of the edge states for the Hamiltonian Eq.
8, showing the crystalline insulating state with spin Chern
number CS = 4 (a), and the strong phase with CS = 2. The
transition from (a) to (b) is driven by the mirror symmetry
parameter α. In a real material, such transition can be in-
duced by strain in the (11) direction. The DFT results of Fig.
2 correspond to the symmetric case (a).
mirror-symmetry breaking term in our model Hamilto-
nian is capable of creating a quantum phase transition
from the original crystalline topological insulating state
to a strong topological insulator. We finally clarify that
in the real materials introduced in this manuscript, spin
mixing terms would show up in their effective Hamilto-
nian.
IV. CONCLUSIONS
We have shown that two rutile-based bilayers formed
by an active 5d-electron system with 5d2 and 5d6 elec-
tron count host a crystalline topological insulating state.
The origin of the non robust topological state comes
from having four Dirac equations in the absence of SOC,
in comparison with honeycomb lattices (whether this is
graphene or oxide-based) that show only two. This lim-
itation can be traced to the Chern number per Kramers
sector, that in the rutile structure is 2 whereas in the
honeycomb lattice is 1. We have suggested that by re-
moving undesired Dirac points, it would be possible to
design strong quantum spin Hall insulators in the rutile
lattice. We have shown with a toy model calculation for
spinless fermions that apart from the insulating phase
with C = 2, breaking in-plane mirror symmetry will al-
low to enter a state with C = 1. The extension of the
previous model with mirror symmetry breaking to the
spinful time-reversal case would give rise to a strong 2D
topological insulator.
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Appendix A: Methods
We have carried out density functional theory (DFT)
calculations with various codes: WIEN2k,39 and Quan-
tum Espresso40 for the various cell and geometry relax-
ations plus the electronic structure analysis (both codes
yielding comparable results), and using the code FPLO41
for relativistic Wannierization calculations. Structural
relaxations using both WIEN2k and Quantum Espresso
were carried out with the PBE version of the general-
ized gradient approximation42 as an exchange-correlation
functional, using PAW pseudopotentials in the QE case
and a full-potential calculation with WIEN2k, both with-
out SOC. The construction of Wannier functions was per-
formed within the full-relativistic version of FPLO us-
ing a 6 × 6 × 3 k-point grid. For the (WO2)2/(ZrO2)n
case we included all Zr 4d and W 5d states. For the
(PtO2)2/(ZrO2)n case we included all Zr 4d, O 2p and
Pt 5d states.
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